Global existence of solutions for semilinear damped wave equation in 2-D exterior domain  by Ikehata, Ryo
J. Differential Equations 200 (2004) 53–68
Global existence of solutions for semilinear
damped wave equation in 2-D exterior domain
Ryo Ikehata1
Department of Mathematics, Graduate School of Education, Hiroshima University,
Higashi-Hiroshima 739-8524, Japan
Received January 13, 2003; revised May 9, 2003
Abstract
We consider a mixed problem of a damped wave equation utt  Du þ ut ¼ jujp in the two
dimensional exterior domain case. Small global in time solutions can be constructed in the case
when the power p on the nonlinear term jujp satisﬁes p ¼ 2opoþN: For this purpose we
shall deal with a radially symmetric solution in the exterior domain. A new device developed in
Ikehata–Matsuyama (Sci. Math. Japon. 55 (2002) 33) plays an effective role.
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1. Introduction
In this paper, we are concerned with the following mixed problem in the two-
dimensional (2-D) exterior domain OCR2
uttðt; xÞ  Duðt; xÞ þ utðt; xÞ ¼ juðt; xÞjp; ðt; xÞAð0;þNÞ  O; ð1:1Þ
uð0; xÞ ¼ u0ðxÞ; utð0; xÞ ¼ u1ðxÞ; xAO; ð1:2Þ
uðt; xÞ ¼ 0; ðt; xÞAð0;þNÞ  @O: ð1:3Þ
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Notations: Throughout this paper, jj 	 jjq and jj 	 jjH1 stand for the usual LqðOÞ-
norm and H10 ðOÞ-norm, respectively. For simplicity of notation, in particular, we
write jj 	 jj instead of jj 	 jj2: Furthermore, for T40 (possibly T ¼ þN) we set
X1ð0; TÞðOÞ ¼ Cð½0; TÞ; H10 ðOÞÞ-C1ð½0; TÞ; L2ðOÞÞ:
On the other hand, for r40 we set
Brð0Þ ¼ fxAR2j jxjorg:
Berð0Þ ¼ fxAR2j jxj4rg:
In this connection, we deﬁne two function spaces.
L2radðBerð0ÞÞ ¼ fuAL2ðBerð0ÞÞjuðxÞ ¼ uðjxjÞg;
H10;radðBerð0ÞÞ ¼ fuAH10 ðBerð0ÞÞjuðxÞ ¼ uðjxjÞg:
To begin with, let us make mention of the Cauchy problem in RN : Li–Zhou [12]
ﬁrst discussed a blowup problem of (1.1) and (1.2) with O ¼ RNðN ¼ 1; 2Þ and p
satisfying 1opp1þ 2=N: Next, Todorova–Yordanov [19] introduced the so called
critical exponent pN ¼ 1þ 2=N for all NX1 to problem (1.1) and (1.2) with O ¼ RN :
In that paper [19] they showed that if 1opopN ; then the corresponding problem
(1.1) and (1.2) with O ¼ RN does not have any global solutions for any initial data
satisfying
R
RN uiðxÞ dx40ði ¼ 0; 1Þ; and if pNoppN=½N  2þ; then the correspond-
ing problem has a small global solution. This exponent pN ¼ 1þ 2=N is closely
related with the Fujita critical exponent in the semilinear heat equation (cf. [1]).
Furthermore, Ikehata–Miyaoka–Nakatake [10] and Nishihara [15] partially
improved the small data global existence (SDGE in short) result in [19], Zhang
[20] discussed a blowup property for all NX1 of problem (1.1) and (1.2) with O ¼
RN ; which has the critical power p ¼ pN : For another type of critical exponent, see
also [11].
On the other hand, there seems to be few literatures concerning the nonlinear
exterior mixed problem (1.1)–(1.3), and for this we refer the reader to Ikehata [4,5,8],
Nakao [14], Racke [16,17], Shibata [18] and the references therein. Among them, in
the 2-D exterior domain case Ikehata [4] recently introduced a lower bound p ¼ 2:5;
that is, the SDGE result holds to problem (1.1)–(1.3) with the power p42:5:
However, since it is expected that the present exterior mixed problem has the same
property as that of the whole space, the lower bound p ¼ 2:5 should be replaced by
p ¼ 2; which corresponds to the whole space case.
The purpose of this paper is to obtain the SDGE result to problem (1.1)–(1.3),
which has a power p satisfying 2opoþN on the nonlinear term jujp: For this
purpose, we shall deal with a radially symmetric solution on the exterior of a unit
ball with its center at the origin. This causes a useful Sobolev type inequality (see
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Lemma 2.1 below). Note that the methods in [10,19] cannot be applied to the present
mixed problem (1.1)–(1.3) because their methods fully depend on decay estimates of
an explicitly solved solution to the Cauchy problem in RN of a linear equation:
vtt  Dv þ vt ¼ 0; ð1:4Þ
that work was established by Matsumura [13] in 1976. So it is highly desirable to
derive optimal decay estimates of a 2-D exterior mixed problem of (1.4) by another
method. In this paper, a device introduced in [9] plays an substitutive role.
Although our result seems to be extremely restricted to the framework of radial
symmetry, it will be a ﬁrst contribution in the exterior domain case, which has
constructed a small global solution in the case when the power p on the nonlinear
term is larger than 2.
Our result reads as follows.
Theorem 1.1. Let 2opoþN and suppose that the initial data
½u0; u1AH10;radðBe1ð0ÞÞ  L2radðBe1ð0ÞÞ satisfies
supp u0,supp u1CBrð0Þ-Be1ð0Þ ð1:5Þ
with some r41: Then there exists a positive number er40 such that if
I0 ¼ jjru0jj þ jju1jjoer;
the corresponding problem (1.1)–(1.3) with O ¼ Be1ð0Þ has a unique global solution
uAX1ð0;þNÞðBe1ð0ÞÞ satisfying
jjutðt; 	Þjj þ jjruðt; 	ÞjjpCI0ð1þ tÞ1;
with some constant C40: Furthermore, it holds that
uðt; xÞ ¼ uðt; jxjÞ
for tX0 and xABe1ð0Þ:
Remark 1.1. It is known (see [10,19]) that the Cauchy problem of (1.1) in the 2-D
whole space has the critical exponent p ¼ 2 (for a blowup part, see also [12,19,20]).
Furthermore, the optimal decay rate of the ‘‘energy’’ is
jjutðt; 	ÞjjL2ðR2Þ þ jjruðt; 	ÞjjL2ðR2ÞpCI0ð1þ tÞ1:
Thus, we can make sure that the exterior mixed problem also has the same property
as that of the whole space at least in the global existence case. However, a somewhat
different property from the exterior domain case seems to be expected (for example)
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in the half space case, and for this property we refer the reader to Ikehata [6]. Finally,
note that Theorem 1.1 partially improves the previous result of [4].
Remark 1.2. It is still open to show corresponding blowup results for 1opp2:
Remark 1.3. We can also deal with the other nonlinearity like 7jujp1u; and so on.
Remark 1.4. By a little modiﬁcation of Ikehata [7, Theorem 1.1], Theorem 1.1 is also
applicable to problem (1.1)–(1.3) with the damping term ut replaced by a radial
damping term aðjxjÞut localized near inﬁnity. This implies that Theorem 1.1 has a
kind of generality.
By the way, in the occasion of the proof of Theorem 1.1 we shall proceed our
argument based on the following standard result. (cf. [2,3] and Section 2):
Proposition 1.1. Let 1opoþN: Then for each ðu0; u1ÞAH10 ðBe1ð0ÞÞ  L2ðBe1ð0ÞÞ;
there exists a maximal existence time Tm40 such that problem (1.1)–(1.3) with O ¼
Be1ð0Þ has a unique solution uAX1ð0; TmÞðBe1ð0ÞÞ: If TmoþN; then
lim
tmTm
½jjuðt; 	Þjj þ jjruðt; 	Þjj þ jjutðt; 	Þjj ¼ þN:
Furthermore, if u0ðxÞ ¼ u0ðjxjÞ and u1ðxÞ ¼ u1ðjxjÞ; then one has uðt; xÞ ¼ uðt; jxjÞ for
ðt; xÞA½0; TmÞ  Be1ð0Þ:
2. Linear problem
In this section, we shall prepare some new linear estimates, which are essentially
used in the course of the proof of Theorem 1.1. The linear problem which is focused
is as follows:
vttðt; xÞ  Dvðt; xÞ þ vtðt; xÞ ¼ 0; ðt; xÞAð0;þNÞ  Be1ð0Þ; ð2:1Þ
vð0; xÞ ¼ v0ðxÞ; vtð0; xÞ ¼ v1ðxÞ; xABe1ð0Þ; ð2:2Þ
vðt; xÞ ¼ 0; tAð0;þNÞ; jxj ¼ 1: ð2:3Þ
Deﬁne a semigroup SðtÞ : H10;radðBe1ð0ÞÞ  L2radðBe1ð0ÞÞ-H10;radðBe1ð0ÞÞ  L2radðBe1ð0ÞÞ
by
SðtÞ : v0
v1
 
/
vðt; 	Þ
vtðt; 	Þ
 
;
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where vðt; 	ÞACð½0;þNÞ; H10 ðBe1ð0ÞÞÞ-C1ð½0;þNÞ; L2ðBe1ð0ÞÞÞ is a unique radially
symmetric solution to the ‘‘linear’’ problem (2.1)–(2.3). Its unique existence of a
weak solution is well known and standard (see e.g. [2,3]). Note that, in the present
case, the operator
L ¼ @
2
@t2
 Dþ @
@t
¼ @
2
@t2
 @
2
@r2
 1
r
@
@r
þ @
@t
for r ¼ jxj41 becomes normally hyperbolic.
On the other hand, the following fundamental inequality seems rather new in the
radially symmetric case.
Lemma 2.1. It holds that
sup
jxjX1
juðxÞjﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ logjxjp
 !
p 1ﬃﬃﬃﬃﬃ
2p
p jjrujj
for all uAH10;radðBe1ð0ÞÞ:
Proof. Let uAH10;radðBe1ð0ÞÞ: Then since uðxÞ ¼ uðrÞ with r ¼ jxj and uð1Þ ¼ 0; by
using the Schwarz inequality one has
juðrÞjp
Z r
1
ju0ðsÞj dsp
Z r
1
1
s
ds
	 
1=2 Z r
1
sju0ðsÞj2 ds
	 
1=2
p 1ﬃﬃﬃﬃﬃ
2p
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ log r
p
2p
Z þN
1
sju0ðsÞj2 ds
	 
1=2
:
Since
Z
jxjX1
jruj2 dx ¼ 2p
Z þN
1
sju0ðsÞj2 ds;
we have the desired inequality. &
Remark 2.1. In the N DðNX3Þ exterior domain case, the inequality of Lemma 2.1
can be replaced by the following one:
sup
jxjX1
juðxÞjpCjjrujj
for all uAH10;radðjxj41Þ: However, at present this inequality is no need in our job. In
the 1-D exterior domain case the similar inequality has already been introduced in
[6].
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Next, we set
u
v
 



E
¼ jjrujj þ jjvjj
and
jjujjlog ¼
Z
jxj41
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ log jxj
p
juðxÞj dx:
Then based on Lemma 2.1 as above we can derive the following new linear estimate.
This result itself is essentially new.
Theorem 2.1. If ½v0; v1AH10;radðBe1ð0ÞÞ  L2radðBe1ð0ÞÞ further satisfies jjv0 þ v1jjlogoþ
N; then for the unique solution vAX1ð0;þNÞðBe1ð0ÞÞ to problem (2.1)–(2.3) it holds
that
jjvðt; 	ÞjjpC1Iv0;logð1þ tÞ1=2; ð2:4Þ
SðtÞ v0
v1
 



E
pC1Iv0;logð1þ tÞ1; ð2:5Þ
where Iv0;log ¼ jjv0jjH1 þ jjv1jj þ jjðv0 þ v1Þjjlog:
Remark 2.2. In the Cauchy problem case of Eq. (2.1) in R2; in 1976 Matsumura
[13] obtained L1  L2 estimates (of course, he treated the more general
dimensional case):
jjvðt; 	ÞjjpCI1ð1þ tÞ1=2;
jjvtðt; 	Þjj þ jjrvðt; 	ÞjjpCI1ð1þ tÞ1;
where I1 ¼ jjv0jjH1 þ jjv1jj þ jjv0jj1 þ jjv1jj1: On the other hand, the condition
jjðv0 þ v1ÞjjlogoþN is almost equal to jjðv0 þ v1Þjj1oþN: Thus, we can say
that the result obtained in Theorem 2.1 is almost optimal in the 2-D exterior
domain case.
Once (2.4) can be derived, the estimate for (2.5) is standard (see [4, Theorem 2.2]).
So, we shall concentrate on evaluating (2.4) only. However, as in [9, Lemma 3.2] the
following estimate is easy to be derived. For reader’s convenience we shall draw its
proof brieﬂy.
Lemma 2.2. If ½v0; v1AH10 ðBe1ð0ÞÞ  L2ðBe1ð0ÞÞ; then for the solution
vACð½0;þNÞ; H10 ðBe1ð0ÞÞÞ-C1ð½0;þNÞ; L2ðBe1ð0ÞÞÞ to the linear problem
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(2.1)–(2.3) it holds that
ð1þ tÞjjvðt; 	Þjj2pCðjjv0jj2H1 þ jjv1jj2Þ þ
Z t
0
jjvðs; 	Þjj2 ds
with some constant C40:
Proof. We start with the following two identities:
EvðtÞ þ
Z t
0
jjvtðsÞjj2 ds ¼ Evð0Þ; ð2:6Þ
d
dt
ðvðtÞ; vtðtÞÞ þ jjrvðtÞjj2 þ 1
2
d
dt
jjvðtÞjj2 ¼ jjvtðtÞjj2; ð2:7Þ
where we set vðtÞ ¼ vðt; 	Þ; ð f ; gÞ ¼ RO f ðxÞgðxÞ dx and
EvðtÞ ¼ 12jjvtðtÞjj2 þ 12jjrvðtÞjj2:
Multiplying both sides of (2.7) by ð1þ tÞ and integrating it over ½0; t we have
1þ t
2
jjvðtÞjj2 þ
Z t
0
ð1þ sÞjjrvðsÞjj2 ds
¼ ðv0; v1Þ þ 1
2
jjvðtÞjj2  ð1þ tÞðvtðtÞ; vðtÞÞ þ 1
2
Z t
0
jjvðsÞjj2 ds þ
Z t
0
ð1þ sÞjjvtðsÞjj2 ds:
Since
ð1þ tÞðvtðtÞ; vðtÞÞpð1þ tÞjjvtðtÞjj2 þ 1þ t
4
jjvðtÞjj2;
one has
1þ t
4
jjvðtÞjj2 þ
Z t
0
ð1þ sÞjjrvðsÞjj2 ds
pðv0; v1Þ þ ð1þ tÞjjvtðtÞjj2 þ 1
2
jjvðtÞjj2
þ 1
2
Z t
0
jjvðsÞjj2 ds þ
Z t
0
ð1þ sÞjjvtðsÞjj2 ds: ð2:8Þ
On the other hand, we see from (2.6) that E0vðtÞ ¼ jjvtðtÞjj2; so that one hasZ t
0
ð1þ sÞjjvtðsÞjj2 ds ¼ 
Z t
0
ð1þ sÞE0vðsÞ ds
pEvð0Þ þ
Z t
0
EvðsÞ ds: ð2:9Þ
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And also by integrating both sides of (2.7) over ½0; t it follows from (2.6) that
Z t
0
jjrvðsÞjj2 ds þ 1
2
jjvðsÞjj2
¼ 1
2
jjv0jj2  ðvtðtÞ; vðtÞÞ þ ðv0; v1Þ þ
Z t
0
jjvtðsÞjj2 ds
p1
2
jjv0jj2 þ ðv0; v1Þ þ jjvtðtÞjj2 þ 1
4
jjvðtÞjj2 þ Evð0Þ;
so that from (2.6) again one obtains
Z t
0
jjrvðsÞjj2 ds þ 1
4
jjvðsÞjj2
p1
2
jjv0jj2 þ ðv0; v1Þ þ 3Evð0Þ: ð2:10Þ
Furthermore, since
d
dt
fð1þ tÞEvðtÞgpEvðtÞ;
by integrating it over ½0; t from (2.6) and (2.10) we ﬁnd that
ð1þ tÞEvðtÞpEvð0Þ þ 1
2
Z t
0
jjrvðsÞjj2 ds þ 1
2
Z t
0
jjvtðsÞjj2 ds
pEvð0Þ þ 1
2
1
2
jjv0jj2 þ ðv0; v1Þ þ 3Evð0Þ
	 

þ 1
2
Evð0Þ;
which implies
ð1þ tÞEvðtÞpCðjjv0jj2H1 þ jjv1jj2Þ: ð2:11Þ
Finally, (2.8)–(2.11) imply the desired estimate. &
Thus, in order to prove Theorem 2.1 it sufﬁces to derive a next lemma. The
essential idea originally comes from the new method developed in [9].
Lemma 2.3. If ½v0; v1AH1rad;0ðBe1ð0ÞÞ  L2radðBe1ð0ÞÞ further satisfies jjðv0 þ v1Þjjlogoþ
N; then for the solution vACð½0;þNÞ; H10;radðBe1ð0ÞÞÞ-C1ð½0;þNÞ; L2radðBe1ð0ÞÞÞ to
the linear problem (2.1)–(2.3) it holds that
jjvðt; 	Þjj2 þ
Z t
0
jjvðs; 	Þjj2 dspjjv0jj2 þ 1pjjðv0 þ v1Þjj
2
log:
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Proof. For the solution vACð½0;þNÞ; H10;radðBe1ð0ÞÞÞ-C1ð½0;þNÞ; L2radðBe1ð0ÞÞÞ; we
set
wðt; xÞ ¼
Z t
0
vðs; xÞ ds:
Then, wAC1ð½0;þNÞ; H10;radðBe1ð0ÞÞÞ-C2ð½0;þNÞ; L2radðBe1ð0ÞÞÞ satisﬁes
wttðt; xÞ  Dwðt; xÞ þ wtðt; xÞ ¼ v0 þ v1; ðt; xÞAð0;þNÞ  Be1ð0Þ; ð2:12Þ
wð0; xÞ ¼ 0; wtð0; xÞ ¼ v0ðxÞ; xABe1ð0Þ;
wðt; xÞ ¼ 0; tAð0;þNÞ; jxj ¼ 1:
By taking the L2-inner product of both sides of (2.12) by wt; and integrating it over
½0; t; we have
1
2
ðjjwtðt; 	Þjj2 þ jjrwðt; 	Þjj2Þ þ
Z t
0
jjwtðt; 	Þjj2 ds
¼ 1
2
jjv0jj2 þ
Z
jxjX1
ðv0 þ v1ÞðxÞwðt; xÞ dx: ð2:13Þ
Now we are in a position to use the radial symmetry so that Lemma 2.1 in order to
deriveZ
jxjX1
ðv0 þ v1ÞðxÞwðt; xÞ dxp
Z
jxjX1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ logjxj
p
jðv0 þ v1ÞðxÞj jwðt; xÞjﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ logjxjp dx
p sup
jxjX1
jwðt; xÞjﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ logjxjp jjðv0 þ v1Þjjlog
p 1
4
jjrwðt; 	Þjj2 þ 1
2p
jjv0 þ v1jj2log: ð2:14Þ
Since wt ¼ v; the desired L2 decay estimate follows from (2.13) and (2.14).
Remark 2.3. Clearly, Lemmas 2.2 and 2.3 imply the desired L2 decay estimate (2.4)
in Theorem 2.1.
3. Proof of Theorem 1.1
In this section, let us prove Theorem 1.1. For this purpose, we ﬁrstly start with the
fundamental two types of well-known inequalities.
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Lemma 3.1 (Gagliardo–Nirenberg). Let 1prpqpþN: Then, if uAH10 ðBe1ð0ÞÞ; we
have
jjujjqpMjjujj1yr jjrujjy;
where M40 is a constant independent of u and
y ¼ 2ð1=r  1=qÞAð0; 1:
Lemma 3.2. If b41; then there exists a constant Cb40 depending only on b such that
(1)
R t
0ð1þ t  sÞ
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ logð1þ sÞp ð1þ sÞb dspCbð1þ tÞ12;
(2)
R t
0ð1þ t  sÞ1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ logð1þ sÞp ð1þ sÞb dspCbð1þ tÞ1
for all tX0:
Proof. Let us prove (2) only. The proof of (1) is done similarly (cf. [4]). First the
integrand can be divided into two parts:
Z t
0
ð1þ t  sÞ1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ logð1þ sÞ
p
ð1þ sÞb ds
¼
Z t=2
0
þ
Z t
t=2
¼ I1ðtÞ þ I2ðtÞ:
Then it follows that
I1ðtÞp 1þ t
2
 1Z t=2
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ logð1þ sÞ
p
ð1þ sÞb ds:
By integration by parts one has
I1ðtÞpCð1þ tÞ1 1b 1þ
1
2ðb 1Þ
Z t=2
0
ð1þ sÞb ds
( )
¼Cð1þ tÞ1 1
b 1þ
1
2ðb 1Þ2
( )
pCbð1þ tÞ1;
with some constant Cb40:
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On the other hand,
I2ðtÞp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ logð1þ tÞ
p
1þ t
2
 bZ t
t=2
ð1þ t  sÞ1 ds
pC
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ logð1þ tÞ
p
ð1þ tÞb log 1þ t
2
 
pCð1þ logð1þ tÞÞ3=2ð1þ tÞb:
Here, note that there exists a constant Cb40 depending only on b40 such that for
all tX0:
ð1þ logð1þ tÞÞ3=2ð1þ tÞðb1ÞpCb:
Thus, we see that
I2ðtÞpCbð1þ tÞ1:
These calculations imply the desired inequality. &
Now based on decay estimates for the linear problem (2.1)–(2.3) obtained in
Section 2 we shall derive the desired a priori estimates for the global existence of the
solution to nonlinear problem (1.1)–(1.3). By a standard semigroup theory,
the nonlinear problem (1.1)–(1.3) with O ¼ Be1ð0Þ can be written as
UðtÞ ¼ SðtÞU0 þ
Z t
0
Sðt  sÞFðsÞ ds; ð3:1Þ
where
UðtÞ ¼ uðt; 	Þ
utðt; 	Þ
 
; U0 ¼
u0
u1
 
; FðsÞ ¼ 0
Fðuðs; 	ÞÞ
 
with f ðuÞðxÞ ¼ juðxÞjp:
Then we have the local well-posedness result from Proposition 1.1 (cf. [2]).
Proposition 3.1. Suppose 1opoþN: For each U0 ¼ ½u0; u1AH10;radðBe1ð0ÞÞ 
L2radðBe1ð0ÞÞ there exists a real number Tm ¼ Tmðjju0jjH1 ; jju1jjÞ40 such that Eq.
(3.1) has a unique solution uACð½0; TmÞ; H10;radðBe1ð0ÞÞÞ-C1ð½0; TmÞ; L2radðBe1ð0ÞÞÞ:
We proceed our proof by the so called small data perturbation method (cf. [14]).
In order to show the global existence, it sufﬁces to obtain the a priori estimates for
EuðtÞ and jjuðt; 	Þjj in the interval of existence ½0; TmÞ: As a result of Theorem 2.1, we
ﬁrst have
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Lemma 3.3. Under the assumptions as in Theorem 1.1, we have
jjSðtÞU0jjEpC1Iu0;logð1þ tÞ1
on ½0; TmÞ:
In the following paragraph, for simplicity we set Iu0;log ¼ I0: In this connection,
note that the following relation holds good because of the Poincare´ inequality and
the assumption on the initial data:
Iu0;logpCrðjjru0jj þ jju1jjÞ
with some constant Cr40 depending only on r40:
Then, if
IðsÞ ¼ jj f ðuðs; 	ÞÞjj þ jj f ðuðs; 	ÞÞjjlogoþN
for each sA½0; t with tA½0; TmÞ; from Theorem 2.1 we have
jjSðt  sÞFðsÞjjEpC1IðsÞð1þ t  sÞ1: ð3:2Þ
Thus from (3.1) one can estimate UðtÞ as follows:
jjUðtÞjjEpC1I0ð1þ tÞ1 þ C1
Z t
0
ð1þ t  sÞ1IðsÞ ds: ð3:3Þ
Take K40 so large (if necessary) such as
jjU0jjEoKI0; jju0jjoKI0:
With the aid of continuity of functions t/jjUðtÞjjE and t/jjuðtÞjj let us assume, for
the moment, that there exists a real number TAð0; TmÞ such that
ð1þ tÞjjUðtÞjjEoKI0; ð1þ tÞ1=2jjuðtÞjjoKI0 on ½0; TÞ ð3:4Þ
and
ð1þ TÞjjUðTÞjjE ¼ KI0; or ð1þ TÞ1=2jjuðTÞjj ¼ KI0: ð3:5Þ
Since the support of initial data is compact (see (1.5)), we see that
supp uðt; 	ÞCBe1ð0Þ-Btþrð0Þ ð3:6Þ
for each tA½0; TmÞ: So, we can estimate as
jj f ðuðs; 	ÞÞjjlogp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ logðrþ sÞ
p
jjuðsÞjjpp:
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By applying Lemma 3.1 we see
jj f ðuðs; 	ÞÞjjlogpCrMp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ logð1þ sÞ
p
jjjjuðs; 	Þjjpð1y1Þjjruðs; 	Þjjpy1
with
y1 ¼ ðp  2Þ=pAð0; 1:
Similarly one has
jj f ðuðs; 	ÞÞjjpMpjjuðs; 	Þjjpð1y2Þjjruðs; 	Þjjpy2 ;
where
y2 ¼ ðp  1Þ
p
Að0; 1:
Therefore, as long as (3.4) and (3.5) holds one gets
jj f ðuðs; 	ÞÞjjlogpCrMp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ logð1þ sÞ
p
fKI0ð1þ sÞ1=2gpð1y1ÞfKI0ð1þ sÞ1gpy1
¼CrMpKpIp0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ logð1þ sÞ
p
ð1þ sÞðp1Þ:
By doing similar operation for jj f ðuðs; 	ÞÞjj one has
Lemma 3.4. As long as (3.4) and (3.5) hold on ½0; T  we have
jj f ðuðt; 	ÞÞjjlogpCrMpKpIp0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ logð1þ tÞ
p
ð1þ tÞðp1Þ;
jj f ðuðt; 	ÞÞjjpMpKpIp0 ð1þ tÞðp1=2Þ:
By applying Lemma 3.4 to (3.3) we see that
jjUðtÞjjEpC1I0ð1þ tÞ1
þ C1
Z t
0
ð1þ t  sÞ1Cr
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ logð1þ sÞ
p
MpKpI
p
0fð1þ sÞðp1Þ
þ ð1þ sÞðp1=2Þg dspC1I0ð1þ tÞ1
þ C1CrMpKpIp0
Z t
0
ð1þ t  sÞ1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ logð1þ sÞ
p
ð1þ sÞðp1Þ ds:
Thus, with the aid of Lemma 3.2 one has
jjUðtÞjjEpC1I0ð1þ tÞ1 þ C1CrMpKpIp0 ð1þ tÞ1
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with some constant Cr40: Setting
Q0ðI0; KÞ ¼ C1 þ C1CrMpKpIp10 ;
we obtain the following lemma.
Lemma 3.5. As long as (3.4) and (3.5) hold on ½0; T  we get
jjUðtÞjjEpI0Q0ðI0; KÞð1þ tÞ1:
Next, let us derive the L2-estimates for the local solution uðt; xÞ to problem
(1.1)–(1.3). Indeed, we have from Theorem 2.1 and (3.1) that
jjuðt; 	ÞjjpC1I0ð1þ tÞ1=2 þ C1
Z t
0
ð1þ t  sÞ1=2IðsÞ ds:
Therefore, it follows from Lemma 3.4 and the similar arguments to deriving Lemma
3.5 that
jjuðt; 	ÞjjpC1I0ð1þ tÞ1=2
þ C1
Z t
0
ð1þ t  sÞ1=2Cr
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ logð1þ sÞ
p
MpKpI
p
0
 ð1þ sÞðp1Þ þ ð1þ sÞðp1=2Þ
h i
ds
pC1I0ð1þ tÞ1=2 þ C1CrMpKpIp0
Z t
0
ð1þ t  sÞ1=2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ logð1þ sÞ
p
ð1þ sÞðp1Þ ds
with some generous constant Cr40: This together with Lemma 3.2 implies
jjuðt; 	ÞjjpC1I0ð1þ tÞ1=2 þ C1CrMpKpIp0 ð1þ tÞ1=2:
Thus we have
Lemma 3.6. As long as (3.4) and (3.5) hold on ½0; T  one has
jjuðt; 	ÞjjpI0Q0ðI0; KÞð1þ tÞ1=2:
Take K4C1 further so large and take I0 so small such as
C1CrM
pKpI
p1
0 oK  C1: ð3:7Þ
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For such K40 and I0 we have
Q0ðI0; KÞoK :
Therefore, by combining this with Lemmas 3.5 and 3.6 we see that
ð1þ tÞjjUðtÞjjEoKI0; ð3:8Þ
ð1þ tÞ1=2jjuðtÞjjoKI0 ð3:9Þ
on ½0; T ; which yields a contradiction to (3.5). Thus (3.4) holds on ½0; TmÞ under the
assumption (3.7). This implies that the local solution uðt; 	Þ exists globally in time and
these estimates hold in fact for all tX0: Taking er ¼ KC1C1CrMpKp
 1=ðp1Þ
; the proof of
Theorem 1.1 is now ﬁnished.
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